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In this paper, we show that the Laughlin wave function is a Hamiltonian and its associated
Berry connection as the Schro¨dinger equation by transforming the Schro¨dinger equation into the
Kirchhoff equation which describes the evolution of n point vortices in Hydrodynamics. This helps
us to view the Berry connection associated with Laughlin wave function or Schro¨dinger equation is
not Hermitian, therefore we propose a self adjoint model Hamiltonian for the fractional quantum
Hall effect, from the study of Kirchhoff equation, using superymmetric quantum mechanics whose
solutions are complex Hermite polynomials. The Schro¨dinger equation as Berry connection allows
us to formulate the problem of quantisation in terms of topology, as the quantum numbers are
topological invariant which arise due to singularities in the Kirchhoff equation. Quantisation arises
as it continuously connects the topologically inequivalent Hamiltonians in the Hilbert space.
I. INTRODUCTION
In recent years, the phases of condense matter, are characterized in terms of topology. Topological insula-
tors [1], quantum Hall effect [2], fractional quantum Hall effect [3] are well-known. The topological invariants
don’t change from one shape to another shape under continuous deformation of geometrical object. In case of
insulators it is characterized in terms of band gap, since the gap is large. If the insulators are connected say
from one insulator another insulator, without changing the band gap, that is, the system always remaining
in ground state, they are called topologically equivalent insulators. In other words, when some parameter of
the Hamiltonian is slowly changed, adiabatically, the ground state of the system remains unchanged. The
insulators which cannot be connected by the slowly changing Hamiltonian are called topologically inequiv-
alent insulators. Connecting the topologically equivalent insulators gives rise to phase transition with the
vanishing of gap. In this gapless state, topological invariants are quantized giving rise to current.
One of the well known examples of topological insulator is the quantum Hall effect [2]. The integer
quantum Hall effect was first discovered followed by fractional quantum Hall effect. In case of fractional
quantum Hall effect, Robert Laughlin proposed the following wave function as an ansatz for the ground state
wave function [4]
ψ =
∏
N≥i>j≥1
(zi − zj)n exp
(
− 1
4l2B
∑
i
|zi|2
)
(1)
where, zi = xi + iyj , N is number of electrons, lB =
√
h¯
eB is magnetic length, h¯ is Planck constant, e is
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2electric charge, B is magnetic field, ωB is cyclotron frequency ωB =
eB
m , zk and zj are the position electrons
for the ground state of a two-dimensional electron gas with the lowest Landau level, where n is written
in terms ν = 1/n and n is an odd positive integer are filling numbers. As the Laughlin wave function is
trial wave function, it is not an exact ground state of any potential, in particular not an exact ground state
of Coulomb repulsion problem. But it has been tested numerically, for the Coulomb and several repulsive
potentials, the Laughlin wave function has more than 99% overlap with the true ground state [5]. The gap
vanishes at the edges and the fractional charges are calculated using Berry’s connection. In literature several
model Hamiltonians are proposed which could admit Laughlin wave function as solution, first model of its
kind was proposed by Haldane [15].
The Berry connection for N quasi-holes are given by [5]
A(ηj) = − iν
2
∑
1≤j≤n,j 6=k
1
ηk − ηj + iν
η¯j
4l2B
, (2)
here ηi are the positions of the quasi holes and the ν are the filling numbers defined in equation (1) and
similar equation for A(z¯j) exist which describes the adiabatic transport of quasihole at zi whan all other
quasihole positions are fixed.
In this paper, we show that the Laughlin wave function (1) represents system of n linear equations or the
stationary Kirchhoff equation (3), of n point vortices with identical circulation strength of Hydrodynamics
[7], with background flowW (z¯j) =
1
4l2
B
z¯j. These system of linear equations are same as the Berry connection
defined in equation (2). We also show that the solution to these system of n linear equations is the 1D-
complex harmonic oscillator through supersymmetric quantum mechanics techniques. The Berry connection
is associated with quantum momentum function of quantum Hamilton Jacobi formalism which allows to
formulate the problem of quantisation in terms of topology, as the quantum numbers are topological invariant
which arise due to singularities in the quantum momentum function. Quantisation arises as it continuously
connects the topologically inequivalent Hamiltonians in the Hilbert space.
We start with the equation of motion for n point vortices with identical circulation strength of Hydrody-
namics [7], which are known by the Kirchhoff equation
z˙α =
∑
1≤α≤N,α6=β
iΓ
zα − zβ − iΩz¯α. (3)
zα = xα+ iyα are the position of n vortices and Γ is the circulation or strength. It is clear, that the equation
(3) is identical to equation (2), with vortex strength ν and background flowW (z¯β) =
z¯j
4l2
B
with Ω =
z¯j
4l2
B
. The
connection between the Laughlin wave function and the n point vortices of Hydrodynamics is well studied
problem in the literature [11–14]. In particular, the reference [11] the Laughlin equation is obtained through
the phenomenological approach by quantization of Kirchhoff equation for n point vortices, given in equation
(3) and the quantization condition is given by
[zα, z¯β] = 2l
2δαβ . (4)
The paper is presented as following, in the section II the derivation of obtaining the Kirchhoff equation
from the Schro¨dinger equation is presented, in section III we give the self adjoint model Hamiltonian for
fractonal quantum hall effect is given followed by discussion in section IV and finally conclude the paper in
section IV.
3II. SCHRO¨DINGER EQUATION AND KIRCHHOFF EQUATION
In this section we show that the Schro¨dinger equation is transformed to the system on n linear equa-
tion, known as the Kirchhoff equation which describes the evolution of n point vortices in Hydrodynamics.
Consider the time dependent Schro¨dinger equation with potential V (x) = 0 gives
i
∂
∂t
ψ(x, t) = Γ
∂2
∂x2
ψ(x, t), (5)
where Γ = −h¯
2m . By introducing a polynomial
ψ(x, t) = (x− x1(t))(x − x2(t)) · · · (x− xn(t))
=
n∏
k=1
(x − xk(t)), (6)
for n = 2 substituting equation (6) in time dependent Schro¨dinger equation (5) gives
−ix˙1(x− x1(t))− ix˙2(x− x2(t)) = 2Γ (7)
The equations considered at x = x1 and x = x2
x˙1 =
2Γi
(x1 − x2) , x˙2 =
2Γi
(x2 − x1) . (8)
By following a similarly for n = 3, the equations at points x = x1, x = x2 and x = x3 are given by
x˙1 = 2Γi
[
1
(x1 − x2) +
1
(x1 − x3)
]
x˙2 = 2Γi
[
1
(x2 − x1) +
1
(x2 − x3)
]
x˙3 = 2Γi
[
1
(x3 − x1) +
1
(x3 − x2)
]
The same procedure for n zeros gives
x˙i = 2Γi
n∑
i6=j
1
(xi − xj) . (9)
The equation (9) are known as the Kirchhoff equation which describe the evolution of n point vortices in
Hydrodynamics in the year (1887). Therefore, Schro¨dinger equation can be written in the form of system of
n linear equations (9). The Kirchhoff equation (9) with the background flow W(x) are given by
x˙i = 2Γi
n∑
i6=j
1
(xi − xj) + iW(x). (10)
The solution to the stationary Kirchhoff equation (10), that is x˙i = 0, is by found by Stieltjes electrostatic
model [8, 9]. In Stieltjes electrostatic model, there are n unit moving charges between two fixed charges p and
q at −1 and 1 respectively on a real line and it is shown by Stieltjes that system attains equilibrium at the
zeros of the Jacobi polynomials. It has been shown by the author, Stieltjes electrostatic model is analogous
to the the quantum momentum function of quantum Hamilton Jacobi [6] where moving unit charges are
replaced by moving poles are like imaginary charges with ih¯ placed between to fixed poles are like fixed
charges. In the process the background flow W(x) is identified with the superpotential.
4In supersymmetry, the superpotential W(x) is defined in terms of the intertwining operators Aˆ and Aˆ† as
Aˆ =
d
dx
+W(x), Aˆ† = − d
dx
+W(x). (11)
This allows one to define a pair of factorized Hamiltonians H± as
H+ = Aˆ†Aˆ = − d
2
dx2
+ V +(x)− E, (12)
H− = AˆAˆ† = − d
2
dx2
+ V −(x)− E, (13)
where E is the factorization energy. The partner potentials V ±(x) are related to W(x) by
V ±(x) =W2(x)∓W ′(x) + E, (14)
where prime denotes differentiation with respect to x.
As an illustration, we solve the Harmonic oscillator in natural units using the Kirchhoff equation
n∑
1≤j≤n,j 6=k
1
xk − xj − xj = 0, (15)
where W(x) = xj is the superpotential of Harmonic oscillator by introducing a polynomial
f(x) = (x− x1)(x − x2) · · · (x− xn), (16)
and taking the limit x→ xj and using l’Hospital rule one gets
∑
1≤j≤n,j 6=k
1
xj − xk = limx→xj
[
f ′(x)
f(x)
− 1
x− xj
]
= lim
x→xj
(x− xj)f ′(x)− f(x)
(x− xj)f(x)
=
f ′′(xj)
2f ′(xj)
. (17)
By substituting the equation (17) in equation (15), we obtain
f ′′(xj) + 2xjf
′(xj) = 0. (18)
Hence the equation (18) is a polynomial,
f ′′(x) + 2xf ′(x) = 0. (19)
of order n and is proportional to f((x) which gives Hermite differential equation
f ′′(x) + 2xf ′(x) + nf(x) = 0. (20)
The readers should note that when we solve the problem for general potential say Q(xj) through Stieltjes
electrostatic model one ends up with the following polynomial solutions
f ′′(xj) +Q(xj)f
′(xj) = 0. (21)
5the differential equation will have classical orthogonal polynomial solution only when Q(xj) = W(xj) is
superpotential. As an illustration we the super-potential for the Coulomb potential is
Wcoul(rj) = 1
2
− (l + 1)
rj
. (22)
Then by following Stieltjes electrostatic model one gets
f ′′(rj)
2f ′(rj)
− (1
2
− (l + 1)
rj
) = 0, (23)
the polynomial
rf ′′(r) + (2(l + 1)− r)f ′(r) = 0, (24)
is proportional to f(r) gives the Laguerre differential equation. Similarly for Jacobi one gets
− f
′′(xk)
2f ′(xk)
− p
xk − 1 −
q
xk + 1
= 0. (25)
where the superpotential is given by
Wcoul(xk) = p
xk − 1 +
q
xk + 1
. (26)
the polynomial
(1 − x2)f ′′(x) + 2[q − p− (p+ q)x]f ′(x) = 0. (27)
is proportional to f(x) gives the Jacobi differential equation. Therefore, one can solve all the bound state
problems by Stieltjes electrostatic model with the help of supersymmetric quantum mechanics.
III. LAUGHLIN WAVE FUNCTION
Consider the logarithm of Laughlin wave function (1) then differentiating with respect to z and equating
to zero gives Kirchhoff equation
i
d
dzj
lnψ(zj) =
∑
1≤i≤N,i6=j
in
zi − zj − i
1
4l2B
z¯j = 0. (28)
The equation (28) is Berry’s Connection (2) for the positions of the quasi holes and the ν are the filling
numbers defined in equation (1) and similar by taking the transposition of equation (28) we obtain equation
for A(z¯j)
∑
1≤i≤N,i6=j
in
z¯i − z¯j − i
1
4l2B
zj = 0. (29)
which describes the adiabatic transport of quasihole at zi whan all other quasihole positions are fixed.
Therefore, from equation (28) it is clear that the Laughlin wave function (1) represents a Hamiltonian and
the Kirchhoff equation are obtained by taking the minimum of logarithm of the Laughlin wave function (1),
which represents time independent Schro¨dinger equation with background flow W (z¯j) =
1
4l2
B
z¯j . It should
6be noted the stationary Kirchhoff equation (28) two dimensional and the Kirchhoff equation (10) are one
dimensional.
The equations (28) and (29) are Schro¨dinger equations and it immediately follows that the Hamiltonian
is not hermitian as the superpotential is complex in nature. In other words, the Kirchhoff equations are
function of holomorphic coordinates z = x + iy and the corresponding momenta ∂zi =
1
2
(∂xi − i∂yi) and
antiholomorphic coordinates z¯ = x− iy and the corresponding momenta ∂z¯i = 12 (∂xi + i∂yi). If one notices
the Laughlin wave function (1) is a product of the van der Mondes determinant
∏
N≥β>α≥1 (zα − zβ) times
the Gaussian weight function exp
(
−∑nβ=1 14l2
B
|z|2β
)
. The van der Mondes determinant is a function of holo-
morphic coordinates and the the Gaussian weight function is a function of holomorphic and antiholomorphic
coordinates. In literature these kind of function are studied in Segal-Bargmann space.
To obtain the solution for the Kirchhoff equations (28) one should construct a self adjoint operator.
Therefore, to construct a self adjoint operator we use the fact that lowest Landau levels are described in
Bargmann space [13]. Hence, the solution to the Kirchhoff equations (28) as a self adjoint operator should
be represented in terms of Gaussian weight function exp
(
−∑nβ=1 14l2
B
|z|2β
)
.
By comparing the equations (28) and (15) one can see that both of them represent the Harmonic oscillator,
since the superpotential in equations (28) is complex in nature it should represent the 1D complex Harmonic
oscillator. By following the procedure of supersymmeric quantum mechanics and noting that the form of
superpotential corresponds to the position of the fixed poles or fixed charge for the given potential from
Stieltjes electrostatic model. Therefore, for oscillator the fixed poles are at ±∞, hence, the superpotential
is given by Ωz¯. Then the intertwining operators Aˆ and Aˆ† are defined in equation (11) will read as
Aˆ† = (−∂z +Ωz¯), Aˆ = (∂z¯ +Ωz), (30)
then the Hamiltonian reads as
Hψ(|z|) = Aˆ†Aˆψ(|z|) = (−∂z +Ωz¯)(∂z¯ +Ωz)ψ(|z|), (31)
which gives
(∂2|z| +Ωz¯∂z¯ − Ωz∂z +Ω2|z|2)ψ(|z|) = 0. (32)
The equation (32) is the complex Hermite polynomial differential equation [16] and their solutions are given
by
ψ(|z|) = 1√
2n n!
· (Ω)1/2 · e−Ω2|z|2 ·Hn (Ω|z|) , n = 0, 1, 2, . . . (33)
The operator H , given in equation (31), is also known as Landau Hamiltonian which describes a charged
nonrelativistic particle moving under the action of an external uniform magnetic field applied perpendicularly
[16–20]
Hψ(|z|) = 4(∂2zz¯ +Bz¯∂z¯ −Bz∂z +B2|z|2)ψ(|z|). (34)
where B is magnetic field gives the Landau levels 4B(2l + 1) [20]. The magnetic Schro¨dinger operator H ,
associated to the vector potential A = (2By, 2Bx, 0), given in x, y coordinates
H = −((∂x + iBy)2 + (∂y − iBx)2) (35)
7This Hamiltonian is identical to the model Hamiltonian proposed by Handane [15] and also well studied im
mathematical Literature [21]. The solution to the self adjoint operator (34) are given by complex Hermite
polynomials (33).
IV. DISCUSSION
It is well known by applying the Cole-Hope transformation ψ = eiS , where ψ is wave function and S
is characteristic function, on the Schro¨dinger equation and then by taking in the limit h¯ → 0, reduces to
classical Hamilton Jacobi equation. In the classical Hamilton Jacobi, equation of motion is governed by the
Hamiltonian and the problem is solved by continuously transforming the Hamiltonian from the initial state to
the final state through canonical transformations. In quantum mechanics, the equation of motion is governed
by the Schro¨dinger equation which is described by a Hamiltonian. It is not possible to continuously transform
the Schro¨dinger equation from the initial state to the final state through a canonical transformation as it has
singularities and it is quite evident when the Schro¨dinger equation is written in terms of Kirchhoff equations
(10). The analogy n point vortices of Hydrodynamics with the fractional quantum Hall effect has allowed us
to identify the Schro¨dinger equation as Berry connection. Thus, by making the Berry connection exact gives
rise to quantisation. Hence, the quantum numbers are topological invariants arising due to singularities in
the Schro¨dinger equation . Therefore, we conclude that quantisation arises as it continuously connects the
topologically inequivalent Hamiltonians in the Hilbert space.
V. CONCLUTION
In conclusion, we shown that the Laughlin wave function represents a Hamiltonian and the Berry con-
nection associated with Laughlin wave function is the Schro¨dinger equation. We have also proposed the
solution for the Laughlin wave function are 1D complex Hermite polynomials. The analogy n point vortices
of Hydrodynamics with the fractional quantum Hall effect has allowed us to identify the Schro¨dinger equa-
tion as Berry connection. This allowed us to formulate the problem of quantisation in terms of topology, as
the quantum numbers are topological invariant which arise due to singularities in the Kirchhoff equation.
Therefore, Quantisation arises as it continuously connects the topologically inequivalent Hamiltonians in the
Hilbert space.
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